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ABSTRACT 


This paper demonstrates how an elliptic curve f defined by invariance under 
two involutions can be represented by the locus of circumcenters of isosceles triangles in 
the hyperbolic plane, using any inversive model. An elliptic curve carries the structure 
of an abelian group, and we derive the product formula as a type of sum of the diameters 
of the circumcircles of the hyperbolic triangles whose centers are on the curve. We find 
that the curve has a cross-ratio y of modulus 1. Because the cross-ratio is a birational 
invariant, it is unchanged by projective and inversive transformations. We use the fact 
that elliptic curves with the same cross-ratio are birationally equivalent to generalize the 


results obtained from curve f to all its birationally equivalent loci in the hyperbolic plane. 
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Chapter 1 


Introduction 


1.1 Background 


Elliptic curves are algebraic curves of genus 1 [MM99]. When algebraic curves 
are studied as projective varieties over the complex numbers, they are generally classified 
up to birational equivalence. That is, two curves are considered equivalent provided their 
respective fields of rational functions are isomorphic. It is well known that every elliptic 
curve is birationally equivalent to a non-singular cubic. In fact, typical representatives 


are often given in affine form by the polynomials 


y? = ( — a4) (@ — a2) (« — 08), 


where the a; are distinct complex numbers [Bix06]. This form is useful when y is viewed 
implicitly as a function of za. 

However, elliptic curves often arise as solutions to the geometric locus problems 
where other forms of representation are more natural. In this project I will work with 
suitable representations of elliptic curves that occur as loci in the hyperbolic plane. The 
classes of curves that arise this way can be described as follows. 

While the genus of a curve is a birational invariant, it is not sufficient to deter- 
mine birational equivalence. In particular, there are many equivalence classes of elliptic 
curves, but. their equivalence classes are determined by a single non-zero complex invariant 
called the cross-ratio of a curve. The cross-ratio x is also a projective invariant because 
it is unchanged by the projective transformations. The value of y can be computed from 


four collinear points in the projective plane, or, dually, from four concurrent lines. 


Properties of cubics have been extensively studied, and there are many references 
to be found on this subject. In particular, the detailed exposition of this topic can 
be found in Robert Bix’s Conics and Cubics. Suppose an elliptic curve is birationally 
equivalent to an irreducible cubic f. The theory of cubics tells us that f has nine flexes, 
points on a curve that are also on its Hessian curve given by the determinant of its second 
partial derivatives. If O is a flex, then there are four tangents to f that pass through 
O, including the tangent: at O. The cross-ratio of these four tangents is independent of 
which flex is chosen, and this value y is the required cross-ratio of f, and of any elliptic 
curve birationally equivalent to f. Actually, the specific value of x does depend on the 
order in which the tangents are taken, but the 24 permutations group themselves into the 
six possible values generated by the functions y > : and y —» 1—y. Thus the cross-ratio 
is actually a class of values [x]. If y = —1, then [x] = {-1, 2 +}, and this is the only 
cross-ratio with exactly three values in its class. In this case the curve is called harmonic 
[BEG99]. Harmonic curves are an example of elliptic curves whose cross-ratios contain 
a value of modulus 1. I will show that elliptic curves with cross-ratio on the unit circle 


are afforded by the following locus problem. 


1.2. Locus Construction 


Let POQ@ be a triangle with OP = OQ, let R be the intersection of the perpen- 
dicular bisectors of these equal sides, and let a be the oriented angle between the bisectors 
at R (in the quadrilateral with vertices O and R). Consider the collection of all isosceles 
triangles P‘OQ’ with OP’ = OQ’ such that P’ is collinear with O and P, and such that 
the angle at R’, the intersection of the perpendicular bisectors of the equal sides, is a. In 
the Euclidean plane, the locus of all such R’ is a straight line since all of these triangles 
are similar by dilation about O. In the hyperbolic plane, however, the locus is not a line. 
How can we characterize this locus? It may seem that any characterization depends 
on the model chosen for the hyperbolic plane. The problem itself suggests a conformal 
model because a must be constant. Some of the most useful conformal models are 
inversive models, for example, Poincaré disk and the upper half-plane. I will use the 
Poincaré disk in this project (though the result will be true for any inversive model) be- 
cause the loci described above exhibit certain symmetries under Mobius transformations 


that permit them to be described very easily in this model. The main result is that such 


a locus consists of the real. points on the elliptic.curve with cross-ratio [e"*]. Thus we 
obtain a characterization of elliptic curves whose cross-ratios are on the unit circle via an 


elementary locus problem in the hyperbolic plane. [Sar08]. 


1.3 Product Structure 


It is well-known that an irreducible and non-singular cubic curve carries the 
structure of an abelian group by the following construction [Bix06]. Let O be any flex 
of the non-singular, irreducible cubic F. We are looking at F' as a projective complex 
curve, so the points of F are homogeneous triples (x, y, z) of complex numbers. Let P 
and @ be two points of F that are not necessarily distinct. We define addition of two 
points P and Q in the following manner: let S be the third point of intersection of line 
PQ with F; then P + Q is the third point of intersection of line OS' with F. Using this 
definition of addition of points on F, it is easy to show that the commutative law holds, 
P+Q=Q+P. Also, P+O = P, and, therefore, the flex O is the identity element. For 
any point P on F, there is the additive inversé —P such that P+(-—P) =O. Finally, 
it is possible to show that the associative law also holds for any three points of F, that 
is (P+Q)+R=P+(Q+4+ R) for points P,Q,R on F. For a curve with cross-ratio on 
the unit circle, the abelian group described above has a natural subgroup that can be 
represented using the Poincaré disk. 

If the vertex of the isosceles triangles in. the locus construction described above 
is placed at O, the center of the disk, the resulting elliptic curve will be an irreducible 
cubic, and O will be a flex, which we take as tlie identity element for the group product. 
Symmetry about the origin shows that the inverse of any point on the curve is its negative 
as a complex number. Following the product construction we find that product of any 
two points on the curve may fall outside of the disk. However, the curve is also invariant 
under the involution f(z) = 4+ so we can identify a point with the reciprocal of the 
complex number that represents it (in particular, the point O is identified with the point 
at infinity in the completed complex plane). Thus the points on the curve within the 
disk are a quotient of the subgroup of real points on the curve by this involution. Since 
collineations of the hyperbolic plane induce birational transformations, it really does. not 


matter where we place the vertex of the triangles. The resulting elliptic curve may not 


be cubic but the product structure can be carried over in a manner compatible with 


the transformation that takes the vertex back to O. We investigate how this product 
structure results in a type of sum on the diameters of the circumcircles of the triangles 
whose centers are the points on the curve. This provides an interpretation of the product 
structure that is independent of the projective representation of the curve. 

Some extensive calculations needed for this paper as well as all graphics were 


produced using the Scientific WorkPlace 5.5 designed by McKichan Software, Inc. 


Chapter 2 


Irreducible Cubic Polynomial 


2.1 Introduction 


As mentioned above, every elliptic curve is birationally equivalent to an irre- 
ducible cubic. We will work with a family of irreducible cubic curves symmetric with 
respect to the origin (in the Cartesian or complex coordinate system) that simplifies the 
computations of various relations. This choice of describing cubic curves provides a nat- 
ural transition into the hyperbolic representation of the curves in the Poincaré Disk. We 
want to produce a general form of cubic irreducible curves that are invariant under two 
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involutions: z++ —z and z+> = for a complex point z = x + ty on the curve. 


2.2 Deriving f (z, y) 


Let f (x, y) be an irreducible cubic polynomial with real coefficients of the form 
aggn° + agiz7y + arexy? + agsy® + ago2? + arszy + anry? + aiox + any + a9 = 0. Define 
the transformations T; (z) = —z and I) (z) = + for z= a+ ty, where z,y © R. We need 
to find all irreducible cubic curves that are invariant under 71 and Zp. 

When we apply 7; to the variety defined by f(x,y), then we obtain variety 
represented by the polynomial —aggx3 — ag, cy ~ aygzy? — angy? +ao92? +411 ty + aggy? — 
a19% — agiy -- @99, which we want to be identically equal to f(x,y). This will be true 
provided the affine variety is described by the equation aggx® + ag, 27y + ayory? +.a3y? + 
ajot+aniy = 0. Let g be the polynomial for this variety, thus g (a, y) = asoz* + aeya7yt 


aigty” + aggy? + aio% + aoiy- 


Since T; and 7» are involutions, the transformation by T> is given by aj9x° — 


agixty + 2aipx®y* + agox® — 2apz7y? — agia*y + ayory! + argzy? ~ aniy® — ag3y*. Let 


5 —ag 2*y+ 2019 ay? +agpx° - Qanrz*y —- 


h (a, y) represent this expression: h(x, y) = a192 
ag 27y + arory* + ayexy? — aniy® — ao3y?. 

We took the third degree curve g(,y), applied transformation T> to it, and 
obtained a fifth degree curve, which will be equivalent to g (x.y) as a curve if h(z,y) = 
t(x,y)g(a,y), and a,oa° — agirty + 2azor*y? + agox® — 2aqi27y — agi27y + aroxy* + 
aygzy” — agiy? —agsy? = t (x,y) (agoz° +.a927y + arory? + aggy® + aioe + ao1y), where 
t (a, y) is a polynomial of degree 2. In addition ¢ (a, y) must be of the form Az?-+paytvy?, 
for some choice of A, z, and v. Our claim holds if and only if the following equation is 


true: 
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Qi9%° — a9 2*y + 2aror°y* + ago? — 2a91 27y* — agia*y + argayt +ar2cy — apiy® — aosy? — 


(Ax? + pry + vy") (gor? + ao127y + argzy? + aogy® + a1ox + ag1y) = 0 


or 


@3a39 +2°a19 — y®ao3 — yaoi — 207y%ag1 +: 22° y7a19 + ZY" 019+ Zy1a19 —2" yaoi — 24 yap1 — 23 


Aayq—2° Aago—yPvaq1 —y>Vag3—27y? Aa03—2% y” aya —27y way2—2°y? wag —27y% va91— 0° 
y’vago— 2° yAag —Zy? wag) — 27 yua19 —Ly?Va19 —2*yAa01 —ry*1Aa03 —2*ypago—ay*Vay2 = 
0 


Or 


x® (aig — Aagq)—2ty (ao1 + Aa21 + ago)—2° (Aaig — a30)—2¥ y? (—2aio + A@ig + ae + vA39)— 
au*y (a91 + Aagi + arg) — 2?y3 (2ag1 + Agog + pare + ¥a91) — wy4 (—aip + agg + vai2) — 


zy? (ya91 — a12 + vaio) — y* (ao3 + veo) — y® (aor + vag) = 0. 


Comparing the coefficients of the corresponding terms, we get the following system of 


equations: 


@19 = Aago 
a30 = Aa10 
ao3 = —Vagl 
@o1 = —¥@03 


a1 + Aa@gi + pa3q = 0 
ag, + Aa01 + pa19 = 0 
a19 = pags + vane 


a12 = faq) + ¥aj0 


—2a19 + Aa@izg + pag, + vag = 0 
2ag1 + Aags + Ha12 + vagi = 0 


In order to avoid the value of zero for t (x, y) everywhere except the origin, Ax?+- pey+vy? 


must be a definite quadratic form. This puts some restriction on the values of 4, u, and 


v. We must have 4Av — yz? > 0, which implies that \ and v must be either both positive or 


both negative. Note that A, v 4 0 otherwise the cubic will factor, which is a contradiction. 


Equations 


imply that A? = v? = 1. 


Case 2.1. Let AX = yv=1 
Then 


a19 = Aaao 
a39 = Aa@j0 
493 = —YaQ1 
ao. = —Vag3 
@10 = 230 
ao1 = —403 


@91 + 21 + agp = 0 
a2] + agi + pa19 = 0 
G10 = A903 + 212 
@12 = #agi + @19 
G12 + ag] = agg 


012 + @a1 = ang 


which leads to the following relations: 


210 = 430° 
&01 = —403 


@12 = a91 + A190 = 239 
andp=0. By letting ago = 1, we have fap, (x,y) = 22 +a3y°+a03z°yt+zy?-+2—ag3y = 0. 


Case 2.2. LetX =v =-—1 


a19 = —a30 
201 = 203 
@01 — 291 -+ pagz0 = 0 
421 — O91 + a9 = 0 
Q10 = A093 — a12 
12 = A901 — A210 
12 — #O21 = &30 
21 — 1012 = ag3 


and the following relations result: 


210 = —430 
G01 = 203 
Q12 = aQ1 — 219 = 430 
Thus, 2 = 0 in this case as well. Letting ago = 1, we have fag, (2, y) = z° + agsy* + 


aggx?y + xy? —xtapy=0. 


For simplicity of notation, let g = ao3. Thus the two cases yield these two 


irreducible cubics: 
fa (x,y) = 2° + gy? + q2*y + ay? + 2 — gy =0 


and 
fa(a,y) =2° + gy? + qx*y + ay? —2-+ gy =0. 


2.3 Relation Between the Two Cases of f 


In the process of finding the irreducible cubics f invariant under the two trans- 
formations T, and To, we realized that there are two such families. Fortunately, we do not 
have to work with both of them. It happens that these two cubics are related by a simple 
projective transformation, and we will work only with one them. A transformation T 


that relates the two expressions can be defined in the following way: z+— y,qr re 


~ i 1 1 
ih (fe (=,y)) ay t quate + 7” +y- a = 0. 
Multiplying both sides by q and simplifying yields x°+qy?+q27y+ay?—x+qy = fy (2,9). 
Therefore, we will consider only one of these cases, the second one. As a result, we have 


a one-parameter family of irreducible cubics 


fa (e,y) = 2° + ay? + ga’y + ay? — 2+ ay (2.1) 


that is invariant under the involutions z > —z and z1> 1 for a point (x,y) on the curve, 
represented by z = x+y in complex plane. Note also that f_,(#,y} = fy(x,-y), 
so changing the sign of q just reflects the curve in the z-axis. Thus, without loss of 


generality, we assume g > 0. 


2.4 Special Case: f; (x,y) 


To illustrate the two cases obtained above, let g = 1. Then, we get the following 


two curves: 
fi(w,y) =e +y8+e%y4 cy? +e-—y=0, for \=v=1 (2.2) 


and 


A(aya=ety+e%ytay?—2+y=0, for} =v -1 (2.3) 


Figure 2.1 and Figure 2.2 show the graphs of these two curves. To transform 2.1 into 


2.2, we rotate the curve by the angle of } and reflect it in the x-axis. 
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Figure 2.1: Graph of f; for \=v=1 
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Figure 2.2: Graph of f; for A= vy =—1 
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Chapter 3 


Cross-Ratio 


3.1 Introduction 


Computations with elliptic curves can be difficult to do. Fortunately, there 
are some ways of representing such curves by working with a suitable representation 
model. I will work with a representation of elliptic curves as loci in the hyperbolic plane. 
In addition, we can choose to consider equivalence classes of elliptic curves, which are 
determined by a single non-zero complex invariant called the cross-ratio. The cross-ratio 
X is a projective invariant because it is unchanged by any projective transformation. I 
will use tools available in the projective geometry to evaluate y, which can be computed 


from four collinear points in the projective plane, or, dually, from four concurrent lines. 


3.2 Introduction to the Projective Plane RP? 


The choice of working in the projective plane to obtain y~ was not accidental. 
Projective geometry has properties that make it much easier to get the job done. We 
define a homogeneous coordinate system similar to the usual three-dimensional system of 
coordinates. with the a-,y-, and z-axes and the origin at (0,0,0]. The projective plane, 
usually denoted by RP?, is comprised of the Euclidean plane and so called points at 
infinity of the form Ja, b,0] for a,o € R ([Bix06]. To distinguish between the objects in 
projective and Euclidean plane that have the same name but different’ meaning, we use 
capitalization of the first letter of the word to show that we identify a projective object. 


For example, a point in Euclidean plane is an ordered pair (x,y) indicating its location 
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in the wy-plane, while a projective Point [a,b,c] € RP? corresponds to a one-dimensional 
subspace R*spanned by (a,b,c). A Line < a,b,c >€ RP? corresponds to a normal 
vector (a,b,c) defining a two-dimensional subspace of R°. The introduction of points 
at infinity yields some wonderful results in the projective plane. One of them is the 
Fundamental Theorem of Projective Geometry, which states that any two quadrangles in 
RP? are congruent, and there exists a unique projective transformation that relates them 
[BEG99:. This theorem allows us to apply transformations and get figures congruent 
to the originally given figures, which significantly simplifies calculations in many cases. 
Another important result of projective geometry is the principle of duality, which allows 
us to interchange the roles of Points and Lines [BEG99]. Such exchange often helps to 
prove results that maybe hard to prove otherwise. 

In this system of homogeneous coordinates, algebraic curves are obtained from 
the affine varieties in x,y by homogenization, that is every term is made to be of the same 
degree by multiplying by appropriate powers of the third variable z. A curve G (x,y, z) in 
the projective plane is said to be singular at a Point P € G(x, y, z) if every line through 
P intersects G{z,y,z) at least twice at that Point. If, on the other hand, there is a 
unique line intersecting G(«,y,z) more than once at P, then G'(2,y,z) is said to be 
nonsingular at P [Bix06]. This unique line is a tangent to the curve at P. ‘There are 
Points on projective curves of-special interest to us. A Point P is a flex of G(z,y, z) if 
G is nonsingular at P and if G(z,y,z) intersects the tangent at P at least three times 
[Bix06]. For example, a two-dimensional sketch of a cubic y = x? in Figure 3.1 shows a 
flex, or the inflection point, at the origin O. The origin is a flex because an infinitesimal 


rotation of the tangent through O will intersect the curve y = x® three times. 


3.3. Computation of the Cross-Ratio y 
Consider a homogeneous irreducible cubic polynomial 
fo: a + gyi + ay? + qx*y ~ nz” + qyz* =0, where gq > 0. 


In order to calculate the cross-ratio of this curve, we need to find four collinear projective 
Points on this curve. Based on the principle of duality, the same result can be obtained 
by considering four concurrent lines that pass through the given Point (0,0, 1], which is 


the flex of this curve. 
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Figure 3.1: Flex of a cubic in R? 


Let (%9, yo, 20] € fy and suppose the tangent at this Point passes through the 
flex [0,0,1]. Then 


3a* + y® + IWgary — 2? 
Vig = | 3qy* + 2ay + qu? + gz? |, 
—2x2z + 2qyz 
and V fy {z0, yo, 20) - (x,y,z) = 0 is the tangent at [zo, yo, 20]. Thus, 


(325 + y§ + 2qzoyo — 26) « + (Bqy5 + 2oyo + 9x3 + 928) y + (—220) (zo — Gyo) z = 0. 


Since [0,0,1] € fg, then this tangent contains this flex provided 29 (xq — gyo) = 0. The 


points on f, that satisfy this condition fall into two cases. 


Case 3.1. If z =0, 


xj + que + coy, tazey = 0 
xo (xh + 96) + ayo (zat+ye) = 0 
(x3 + y8) (co + ayo) = 0 
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which results in three points at infinity [1,i,0], [i,1,0], and [—g, 1,0]. 


Case 3.2. If z #0, say 29 = 1, then zo = qyo. Solutions to the latter equation are of 
the form [qyo, yo, 1]. We need to find the coordinates of this point such that [gyo, yo, 1] € 
fq. Then etther 2q = 0, q? +1=0, or ya =0. Since q is a positive real number, the only 
possible solution is when yy = 0. Thus, [qyo,yo, 1] is on the curve f, if is has coordinates 
(0,0, 1]. 


Therefore, the four Points where Lines through the flex are tangent to f, are 
(1,4, 0] , [¢, 1,0], {[—¢, 1,0], and [0,0,1]. Now we find equations of the four corresponding 


tangent Lines: 


(1, 4, 0] (2 + 2gi) w+ (-2¢ + 2i)y =0 > (1+ qi, -q +i, 0), 


[-4, 1, 0] | 


=> 

[¢,1,0]) = (-2+4 2qi)e4+ (2g +2i)y =0=> (-1+¢i,¢+i,0), 
=> (P+1)c+(Pt+aq)y=05 (14,0), 

{0,0,1) => 


~2+qy=0 => (-1,¢,0). 


B 
The cross-ratio y of the curve f, can be calculated as follows: x = $, where a, {,7,6 
¥ 


A=aC+ 8D 
are solutions to the system of equations rs P , and A,B,C,D are four 
B=50+6D 


vectors representing the four concurrent Lines [Sar08]. Let A = (1+ qi,-q+i,0),B= 
(-1+qi,q+i,0),C = (1,¢,0), and D = (-1,9,0). Then, 


(-1+4 gi,q+i,0) = y(1,¢,0) + 6(—1, 4,0) 


and 
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xX = 77: 


Let q = tan $, where a € (0,7) (this choice of q is not accidental, and will 


2 as 2 : 
appear in this project again), Then y = Chal = ce ae Note that tan § = ;2a%— 


(q-b7) (tan $+i) 1-+-cos a" 
Simplifying, we get the following: 
: 2 
sina __ 
se (iets -4) = elie, (3.1) 


; 2 
(<2; +7) 
Since a € (0,7),x can take any value on a unit circle. Thus the curves fy 


represent all elliptic curves with cross-ratio of modulus 1. 
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Chapter 4 


Locus Construction of fg in D 


4.1 Introduction to the Inversive Model 


At this point, we turn from the projective geometry to non-Euclidean geometry. 
More than one model can be used here. The best suitable model for this segment of 
my work, due to certain symmetries under Mébius transformations that will be easily 
described, is the inversive model called the Poincaré Disk. In this part of the project, 
our "world" will reduce to the unit disk D = {z: |z| <1}. Lines in the disk are the 
arcs of generalized circles that meet the unit disk D at right angles. We call such lines 
hyperbolic. Obviously, any diameter of D is a hyperbolic line that is part of a Euclidean 
line. 

It is very convenient to use Hermitian matrices when working with hyperbolic 
lines in an inversive model. Hermitian matrices correspond to planes that are secants, 
tangents, or exterior planes to $*, depending whether the determinant is negative, zero, 
or positive, respectively. Hermitian matrices will help us to identify the type of the plane 


by its properties. First, we define a Hermitian matrix [Sch79]: 


Definition. A matrix H is a Hermitian matriz if it is equal to its conjugate transpose 
. ope ao a b+ ic 
denoted by H*. If H is Hermitian, it is of the form , fora,b,c,dé R. 
b— tc d 
Remark 4.1. Note that in this paper the asterisk * applied to the matrix indicates a con- 
jugate transpose of that matrix, while asterisk * applied to a complex number z, indicates 


the complex conjugate commonly denoted by Z. 
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It was shown by August Ferdinand Mobius that the value of the determinant of 
a Hermitian matrix H, which represents a plane, can tell us how this plane relates to the 
sphere. Much of this formalism can be found in the text written by Henry McKean and 
Victor Moll called Elliptic Curves. 


Theorem 4.2. [f H is a2 2 Hermitian matriz, then H represents: 


1. a plane exterior to S* if det(H) > 0. 
2. a plane tangent to S* if det(H) = 0. 


3. aplane secant to S® if det(H) <0. 


We can use these properties of the inversive plane by looking at Hermitian 
matrices as a projective vector space. In this case, we can utilize linear algebra tools. 


In particular, we define an inner product on the space of Hermitian matrices. 


Definition. An inner product on the space of two Hermitian matrices H, and Ho is 
defined as (Hy, H2) = 5Tr (Hi -Hg®) ; 


Definition. [f H, and Hy are Hermitian matrices, then 


Ay, A: Ai, 
re (41, He) _ (i, Ho) 


VA, Ai) / (He, He) |F[ |e], 


where a is the angle between Hi and Ho. 


If, for any given Hermitian matrices H) and He, cosa = 0, we conclude that a = 
5, and H,!H2. Remember that by definition, hyperbolic (inversive) lines are orthogonal 
to the unit disk D. Thus, the previous definition can be used to find the general form of 
a hyperbolic line. 
First, note that the unit circle can be represented in the form of Hermitian 
1 0 
0 -l 


matrix as U = 


Theorem 4.3. If an inversive ine H ts perpendicular to U, then either 


0 b+ ct. ; F aks b 
1H= is the line through the origin of slope =, or 
b— ci 0) 
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1 b+.c2 
2H= , an with b?@+c*% > 1 is the circle of radius /b? + c? — 1 centered 
—ct 1 
at (—b+ ci). 
a b+ie 1 0 ’ . 
Proof. Let H = kes ; and U = ; . H represents an inversive 


line if and only if (fg; = 0, which is possible only if (H,U) = 0. 


(HU) 


Il 
NI] RR 
ee 
4 
oof 
ay 
a 
& 
aes 


ff is an inversive line if and only if0 =d—aora=d. There are two forms H 


0 b+ te 1 b+te ; 
can take: H = or H = . Let z= a2+ty. 
b-ic 0 b-ic 1 
OO b+2 
Case 1 H = , , 2 with det(H) = — (b? +c”). Then, 
— ic 
0 b+ic ze 
(2 1) = 0 
b-ic 0 1 
z*(b—ic)+z2(b+ic) = 0 


2(be—cy) = 0 
y= -2£ (4.1) 


and the inversive line is a lme through the origin with a slope of B 
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1 b+i 
Case 2 H = a with det(H) = 1 — (6? +c”). 
b — te 1 
L- “bene a 
(z 1) = 0 
b=ae J 1 
z*(b—ict+tz)+z(b+ic) +1 = 0 
(a — iy) (b—icta+iy) +(xtty)(b+icl +1 = 0 


x? + Qbe + y? —2cy+1 = 0 
(et+by+(y-c)? = P+ce%-1. (4.2) 


This inversive line is a circle centered at (—b,c) with radius of Vb? + c? — 1. 


The two cases presented complete the proof of this theorem. O 


There is another important. definition we must include. It concerns the hyper- 


bolic distance and its relation to the Euclidean distance. 


Definition. Let z,,z9 be two complex points in the unit disk. Then, the hyperbolic 


distance between z and zo is defined as follows [BEG99/: 


d (2, 22) = tanh" ( ee 


1 — 2722 


and , consequently, 


d(0,z) = tanh”! (|z|). 


The Euclidean equivalent of the length between O and a comples point. z € D is. given by 
|z| = tanhd (0, z). (4.3) 


Note that 0 < d(0,z} < 00, while 0 < |z! < 1. 


4,2 The a-Family of Isosceles Triangles 


Let POQ be an isosceles triangle with OP = O@ and let 6 be the angle at 
O,0<6@< a. Let R be the intersection of perpendicular bisectors of equal sides, and 


a1 


Figure 4.1: The a-Family of Triangles for a = 5 


let a be the oriented angle between the bisectors at R (in the quadrilateral with vertices 
O and R). Consider the collection of all isosceles triangles P'OQ’ with OP’ = OQ' such 
that P’ is collinear with O and P, and such that the angle at R’, the intersection of 
the perpendicular bisectors of the equal sides, is a. This collection of isosceles triangles 
P'OQ' is an a-family with a fixed angle a as defined above. Figure 4.1 shows a particular 
a-family for a = 3. We will consider the locus of all points R’ in the hyperbolic plane 
using the Poincaré disk model of the hyperbolic plane. We will indicate the open unit, 
disk by D. 

Without loss of generality, consider the a-family with the vertex O = 0 and the 
side OP on the real axis. Let s = d(O,P) = d(O,Q). Then, the Euclidean length 
of OP is tanhs. In order to find the point of intersection of perpendicular bisectors of 
the sides of the triangle POQ, point R, we need two equations representing two of the 
three perpendicular bisectors. First, consider the perpendicular bisector of OP. This 


hyperbolic line Z is an arc of the Euclidean circle centered on the real axis, and we can 
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find the equation of this circle using Hermitian matrices [Sar08]. 
It can be proved that an inversion of a complex point z in a circle centered at 
(a,b) with radius r can be represented by the transformation 


2 


Ty (z) = aes (4.4) 


- 
(2-7) 

for a complex number 7 = a+ bi, z 4 7 [BEG99|. Now, consider the following construc- 
tion. Let D be the unit disk, and let H be a circle centered at C' on. the z-axis with radius 
r. Assume that D and. are orthogonal. This assumption makes the arc of H interior 
to D a hyperbolic line. Let B denote one of the points of intersection of U and H. It 
is obvious that the radii of the two circles are orthogonal. Thus, we can work with the 


right triangle AOBC. By the Pythagorean Theorem, 


L+r? =a’, 


where a = OC. 
To find the inversion of point O in the circle H, we can use 4.4. In this case 


z=O0Oandy=C=a+i0=a. Then, 


re 
(0) = 0 — pre 
7, (0) = Fa 
(0) = a 
T.(0) = = 


It it. also known that an inversion of a complex number z # 0 in a unit circle is 


represented by this transformation T(z) = +2 #0. Thus, for any z = a+ 0i,a 40, 


we have T2 (a) = 4 = +. Note that results of both inversions yield the same output. 


1 
a} 


then M must be a midpoint of OC" with the hyperbolic length of 4, and OM has the the 


Let C’ (4, 0) denote the point resulting from both transformations. Since T; (0) = 
hyperbolic length oe: This observation is illustrated in Figure 4.2. 
We can use the result above as a tool to find an equation of the perpendicular 


bisector of OP in the triangle PO@. Since OP = s, then there exists a unique circle. 


orthogonal to D, whose center is of hyperbolic length 4 from O. The important fact we 


Figure 4.2: Inversions in D and H 
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will use is that this circle bisects OP. However, s is a hyperbolic length. What is its 
Euclidean equivalent? By 4.3, it is tanhs. Then, the center of the circle we want is at 
(sts) 0) or (coths,0). Then, 4.2 insures that the equation of the circle whose arc is 


the perpendicular bisector of OP has the Cartesian equation 
(w — coth s)* + y? = coth? s —1 


or 
(x —coth s)? + y? = esch?s. (4.5) 


Now consider the perpendicular bisector of PQ, which is also an angle bisector 
of ZPOQ. This line has equation 


6 
y=u tan 3° (4.6) 
We need to solve the system of equations 4.5 and 4.6: 


3 9 
y= ztan$ 
(x — coth s)” + y* = esch?s 


2 
(x — coth s+ (= tan 5) = csch*s 


@ 
x” tan? 3 + x? — 2x coths +coth?s—csch*s = 0 


6 \ 1 
tan? ~ +1] 2%+(-2coths)2+ (cota? s- ) 
( a) ) ( ) sinh? s 


Using quadratic formula, we get: 


2coths+ 4 fAcoth? s — 4 (tan? g + 1) (coth? $— zai) 


z= 
2 (tan* g +1) 
coth s+ ,/coth? s — sec? § (coth® s — csch? s) 
cs Ss —— ee 
sec 3 
n= 


(con s + 4/coth? s — sec? 4 cos” 


Because x = (cotn s+4/ coth? s — sec? 8) cos* g is outside of the unit disk, we will work 
with x = (cott 5 — ,/coth? s — sec? i) cos* g as the only value of x in the locus we seek. 
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Therefore, 


t= (co $— f coth? s— sec? | cos” 4 (4.7) 
8 
(co s— 4/ coth? $s — sec? 5) cos 5 sin c. (4.8) 


and for 2 = r cos § andr= asec $ , we have 


r= (co 3— 4/ coth? $s — sec? 5) cos -. (4.9) 


Parameters 4.7—4.9 describe the locus of circumcenters of the a-family. 


a 
II 


4.3 Relations Between the Parameters of a-Family 


Now, it is time to introduce some properties of hyperbolic geometry applicable 
to our construction of the a—family. Let ACB be aright triangle in the hyperbolic plane 
with sides of length a,b, and hypotenuse of length c. Then, the hyperbolic Pythagorean 
Theorem and Lobachevsky’s Theorem state that 


cosh 2¢ = cosh 2a - cosh 2b (4.10) 
and 
tanh 2a 
tan A= ‘enh ob? (4.11) 
respectively [BEG99]. Using 4.10 and 4.11, we can derive the Sine Formula 
‘ sinh 2a 
sinA = — he’ (4.12) 


Returning to our construction, let h be the altitude of POQ from vertex O to 
the base PQ, and let PQ = 2a, meaning that h divides PQ into two equal segments of 
length a. In the context of our construction of the collection of triangles P’OQ’, 4.10, 
4.11, and 4.12 yield . 


cosh2s = cosh 2a-cosh 2h, (4.13) 
8 tanh 2a 

tan 5 — sinh 2h’ (4.14) 

se a - sinh 2a, (4.15) 


2 sinh 2s 
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Then 
ak xz tanh 2a 
15 7 Sinh2h 
“ia - sinh 2a 1 
% ~ cosh2a sinh2h 
sinh2a cosh 2h 1 
tans “7 cogs SinhoR, 
8 sinh2a cosh2h 1 
ta - = 
2 1 cosh2s sinh2h 


sinh 2a 


Now, multiplying the left-hand side by 5 and right-hand side by S@b2s (the two ex- 
2 


pressions are equal by 4.15), we get 


ae @ I _ sinh2a cosh 2h 1 sinh 2s 
2) sin g ~ 1 cosh2s sinh2h/ sinh 2a 
2 7 = coth 2h - tanh 2s 
cos 5 
8 
tanh2kh = cos 3° tanh 2s. 


Let M denote the point of intersection of the perpendicular bisector of the 

side OP and let d denote the length of the diameter of the circumcircle centered at R. 

Figure 4.3 provides an example of the set of circles whose centers are intersections of the 
T 


perpendicular bisectors of each triangle in the a-family when a = §. It follows that 
OR = $ and OM = 8. By 4.12, 


Sea sinh (2- £) 
2 sinh (2 - 4) 
sinhs = sin 5 sinh d. (4.16) 


This result describes the relation between the lengths s and d for a fixed angle a. 
Now consider a right triangle OMR. Let u=d(R,M). Then, by 4.11, 


tanh 2u a  tanhs tanh? s 
and tan— = or sinh? 2u = ———. 
sinhs 2 sinhQu? tan? $ 


oe 
neg 
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Hyperbolic trigonometric identities state that tanh? 2u = %)2u — jane. Then, 


cosh” 2u 

tant 6 _ tanh? 2u 

2 sinh? s 

6 sinh? 2u 1 
tan? — = a . ee 

2 1+sinh*2u sinh“ s 

99 _ tanh’ s 1 1 
go> Samer 1 + tanh?s "sinh? s 
2 tan’ 3 
9 @ tanh? s tan? $ 1 
tan" 5 = at tap ants einhes 
9 tan*$+tanh*s sinh*s 

tan” a = E 

2 cosh? s tan? s+ sinh? s 

é 
cot? rs cosh? s tan” 5 + sinh? 5 

a 
cot? 3 = cosh? ssec* 3 -—i1 

g 
ese” 5 = cosh? ssec* 5 

. 8 

. COS 3 = sing cosh s. (4.17) 


Expression 4.17 provides the relation between angles a and @. 


4.4 Polynomial f, and a-Family 


Recall the relations 4.7 and 4.17 obtained in the previous sections: 


o= (cos Ss 4/ coth? s — sec? 5) cos? ; 


and 
a . @ 
cos Pa sin 3 cosh s, 
respectively. We will use 4.17 in 4.7 to’ reduce the first relation to just one variable s 


(because « is a fixed quantity). Changing 4.17 into expression containing cos § instead 


* 
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of sin § is useful in 4.7: 


cos? - = sin? 5 cosh? s 

cos” 5 = (1 — cos? 5) cosh? s 
cos” 5 sech? s = 1~cos? : 

cos® ; = 1~cos? 5 sech? 8. 


Now, 4.7 can be changed as follows: 


z= (cou s— 4/ coth? s — sec? s) cos? 


(co s—,/coth? 5 — =—— (a — cos? = sech? 3) 


g = 
1 — cos? 2 sech” s 2 
coth? 5 — esch? s cos? $ —1 , 
z= coth s — 4 ¢ — cos” ies sech” s) 
1 — cos? $ sech* s 2 
Zz — 


coth s ¢ — cos? 5 sech s) - esch? s — esch? s cos? a1 [1 — cos? = 5 sech? s 
2 = coths—cos?= 3 Sech sesch s — esch ssin 5 /1 — cos? 5 sech? s. (4.18) 


Similarly, 


6 6 
(com s — 4/coth? s — sec? 5) cos 5 sin 4 
l a a 
= = a es Ja Bago 2 oad 
y (coms ,/coth® s eae a als ,/ 1— cos 5 sech“ s (cos 5 sech s) 
csch s cos aI /1— cos? 5 sech? s — esch ssech ssin 5 cos = (4.19) 


Recall the irreducible polynomial 2.1: f, = 23 + qy> + zy” + qxz*y—2+qy =0. 


ce 
i 


I 


In its factored form this equation can be written as 


(2? +y°) (2 + qy) =2-ay. (4.20) 
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Our choice of g should satisfy this equation. We claim that qg = tan §. Using expressions 
4.18 and 4.19 in 4.20, we will evaluate each element of this equation individually with 


this particular choice of g: 


E+ Qy 


= coth s — cos* 2 sech s csch s — esch ssin 2 $4f1—- cos? = sech” s 


+ tan $ csch s COS. 4 j1—- cos? 3 sech? 5 — tan _- esch ssech s sin $ cos 


= coth s — cos? & 53 sech s csch s — csch s sech ssin” 


28 


= tanhs 


© — ay 


= coth s — cos? 2 5 sech scsch s — esch ssin $4/1 — cos? 3 sech? s 
tan $ csch s cos 4/1 — cos? $ sech” s + tan ¢ csch s sech ssin $ cos § 
= coth s — sech scsch s (cos* $ — sin? #) — 2sin $ csch 84/1 — cos?  sech? s 


2 
x? = (cotn s ~ cos” # sech scsch s — csch ssin $ #,/1— cos? $ & sech? s) 


= coth? s — coths cos? ¢ £ sech scsch s ~ coth scsch ssin 5 ,/1 — cos? = sech? s 


—coth s cos? $ sech s esch $ + (cos? $ sech s csch s)? 


+ cos” 5 # sech s esch s-csch s sin 51 /1—- cos? 3 sech” s 


— coth.s csch ssin Z 4 /1 —cos? & & sech? s+ cos” 5 $sech s csch scsch s sin 5 
2 
4/1 — cos? € sech? s+ (cect ssin $,/1— cos? $ & sech? 5) 


= coth? s — 2.cos? 3 esch? s+ 


(2 cos? 3 sech $ esch? s sin 5 — 2coth scsch ssin g) 4/1 — cos? 5. sech? s 


+cos! &sech? s esch” s + csch? s sin? 2 § — cos” ¢ sin” $ sech” s csch? s 


2 
y= (cect scos $4/1—cos? $ sech” s — csch ssech s sin § cos #) 
2 
= (cect scos $,/1— cos? 2 sech? s) 


—2 | cschscos 2,/1— cos? 2 2 sech” s esch s.sech s sin $ cos & 
2 2 2 


; 2 
+ (csch s sech s sin cos g) 
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= csch* s cos” = — cos! ¢ © sech? sesch? s 


—2csch” ssech s sin 3 a 51 /1—cos? 3 sech? s + csch? s sech* s sin? $ cos? 5 


g? 44? 


= coth? s — 2cos? z esch? s + 2cos? 3 sech s csch? s sin $4/1— cos? 3 sech? s, 
—2coth scschssin 31 /1— cos? & sech* s+cos* $ & sech? s csch? s 


+csch? s sin? g— cos? & sin? 2 ee scsch? s ++ esch? s cos” $ 


_ cos* $ 2 sech? s csch” s — 2.cos* § sech s esch? ssin 1 — cos? & $ sech? s 


+ axe, ssech? ssin? ¢ cos? g 
= coth? s + csch? s (sin? ¢ — cos” $) — 2coth scsch ssin $ ,/1— cos? ¥ sech? s. 


Summarizing the calculations above, we get: 


(z + qy) (x? + y") 


= tanhs (cotn? st csch? s (sin? 2 — cos? $) — 2coth scsch ssin $4/1 — cos? ¥ & sech” s) 


= tanhs (cotn? 3 — cos? & © esch? s — 2coth sesch ssin $,/1 — cos? & 1 sech? 5 + sin? ¢ & ogch? :) 
= coth s — cos” & 3 csch ssech s — 2csch ssin $ af 1 —cos? 2 © sech? s+sin? § csch s.sech s 


= 2— gy. 


Therefore, we conclude that a locus of circumcenters of the a-family in the 
hyperbolic plane is the same curve as the cubic obtained by the polynomial f, = 2° + 


gy? + cy* + qx?y —2 + qy =0, when g = tan § for a fixed a. 
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Chapter 5 


Product Structure 


5.1 Introduction 


It is well-known that an irreducible non-singular cubic curve.carries the structure 
of an abelian group by the following construction. Let.O be any flex of the non-singular, 
irreducible cubic F. We are looking at F as a projective complex curve, so the points of 
F are homogeneous triples (2, y,z) of complex numbers. Let. P and Q be two points of 
F that are not necessarily distinct. We define addition (also called "product") of two 
points P and Q in the following manner: let S be the third point of intersection of line 
PQ with F; then P+ @ is the third point of intersection of line OS with F. Using this 
definition of addition of points on F, it is easy to show that the commutative law holds 
and P+Q=Q+Pf. Also, P+O =P, and, therefore, the flex O is the identity element. 
For any point P on /’, there is the additive inverse —P such that P+(—P) =O. Finally, 
it is possible to show that the associative law also holds for any three points of F’, that is 
(P+Q)+R=P+4+(Q+R) for points P,Q, R on F. The abelian group described above 
has a natural subgroup that can be represented using the Poincaré disk. 

If the vertex of the isosceles triangles in the locus construction described in 
Chapter 4 is placed at O, the center of the disk, the resulting elliptic curve will be an 
irreducible cubic, and O will be a flex, which we take as the identity element for the 
group product. Symmetry about the origin shows that the inverse of any point on the 
curve is its negative as a complex number. Following the product construction we find 


that product: of any two points on the curve may fall outside of the disk. However, the 
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curve is also invariant under the involution f(z) = 2 so we can identify a point with 
the reciprocal of the complex number that represents it (in particular, the point O is 
identified with the point at infinity in the completed complex plane). Thus the points 
on the curve within the disk produce a quotient of the subgroup of real points on the 
curve by this involution. Since collineations of the hyperbolic plane induce birational 
transformations, it really does not matter where we place the vertex of the triangles. The 
resulting elliptic curve may not be cubic but the product structure can be carried over 
in a manner compatible with the transformation that takes the vertex back to O. We 
will investigate how this product structure results in a type of sum on the diameters of 
the circumcircles of the triangles whose centers are the points on the curve. This would 
provide an interpretation of the product structure that is independent of the projective 


representation of the curve. 


5.2 Computing the Product Rule Using Complex Numbers 


Consider the homogeneous irreducible cubic fy = 2? + gy? + cy* + qxu*y — xz? + 
qyz’. Letting z = 1 to work in the complex plane, we get the curve 2? + gy® + wy? + 


qu*y —2-+qy = 0. Once again, we want the factored form of this curve: 


Let z = x+y be the complex form of an arbitrary point on this curve. Note 
that for any complex number z, z* = z — iy, the complex conjugate of z. Then, the 


factored form of the cubic curve presented above can be written in the complex form as 


following: 
ee Rez — qImz 
Rez+qImz 
ee $(z+2*) -£(z-2*) 


5 (2+ 2%) +h (z—- z*) 
2+ 2" —igz* + igz 


ee + 2% + tgz* — igz 
‘ (1 + qi) z+ (1 — qi) 2* 
a a Tr 2 rr 
(1 — qi) z+ (1 + qi) 2* 
zz* = aces (5.1) 


z+ pz*’ 
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where p = te. 


If w is another point on the curve f,, then ww* = a. Let L(t) =t(z-—w)+ 


z be the Cartesian representation of the line through the points z and w. This line has 


the third real point of intersection with f,, say it is the point 


L=at(z-w)t+z. (5.2) 
Then 
»_ pL+L* 
LL = 
L+ pL* 
or 


LL* (L+ pL*) — (pL 4+ L*) =0. 


Using the value 5.2 of Z to expand this relation, we get the following equation: 
tw? w* + Bw2* + 23 wewt — weet — ptiw(w*)? + Zot ww*t2* — pt2w(2*)? — 82? 
wr +8272" + ptiz(w*)? —IpPzw*z* + pt?2(z*)? + tw22* + Qt? ww" — 4t?wz2* + Wt? ww* 
z* — Qpt?w(z*)? — 2t?2%w* + 3t2z2z* + pt?z(w*)? — 4pt?zw*z* + 3pt?2(z*)? — Qtw2z* — 
ptw(z*)? + ptw—tz?2w* +3tz"2* —2otzw*z* + 8ptz(z*)? — ptz + tw* —tz*+222* + p2(z*)? — 
pz—2z* = 0. Collecting the t-terms and factoring coefficients of each term, we get 
® (2 —w) (24 —w") (2—w +(e" - w))) 
44? ((2-+ pz") (2 — w) (2* — w") + (2 — w+ p (2* — w")) (2 (2 w) +2 (2"— w"))) 
+t (w* — 2* — p(z—w) + z2* (z —wt p(2* — w*)) + (ze + pz*) (2* (2 — w) +2 (2* - w*))) 
+22* (z+ pz*) — 2z* —zp=0. 
The constant term z2* (z + pz*)—z*—zp = 0 by 5.1. Therefore the polynomial 
above has no constant term. Let F(t) denote this polynomial: 
F(t) = 8 (z—w) (2" — w") (2 wt p(z*-w"))) 
419 ((z-+ pz") (e — w) (2* — w*) + (2 — w+ p(2t — w*)) (2 @—w) +2 (2 — v"))) 
+t (w* — 2* — p(z—w) +22" (z-—w+ p(2* — w*)) + (2 + p2*) (2* (2 —w) +2 (2* — w*))). 
Note that if ¢ = 0,2(0) = z, and if t = -1,Z(—1) = w. Since z,w € fy, 
t = 0,—1 are the roots of F(t). In order to find the third root (we represent it by R), 
let G(t) be the polynomial of the form 


G(t) = (2—w) (2 ~w")(2—w + p(z*—w")) (t+) (¢- A). 


We multiplied the product of three linear terms t (¢ + 1) (¢ — R) by the leading coefficient 
of F(t) to equate F(t) and G(t) and solve for R. With the setup we have, we know that 
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equation F(t) - G(t) = 0 should hold. Expanding this equation, we get: 
tw* — tz* + twp — tzp t+ tww* — t2z2w* + 2t?222* — tz?w* + 3tz22* — twp(z*)? + 3t 
zp(2*)? — Re? w?w* + Rt w*2* — Ri?zw* + Ritz?2* — Qtw2* + t?wo(w*)? — twp(2*)? + 
2t?zp(z*)? — Riw*w* + Rtw?z* — Rtz*w* + Riz?2* — 2t? wee" — Rtwp(w*)? — Rtwp(z*)? + 
Rtzp(w*)?+Rtzp(2")?+2Riwzw* -2Rtwz2*—2t? zow*2*— Rt? wo(w*)?— Rt? wp(2*)?+Re? 
zp(w")? + Ri?zp(z*)? + 2Rtwew* — WR? wzz* — Atzpwtz* + ZAR wew*z* — °ARzpw* 
z* + 2Riwow*z* — 2Rizpw*z* = 0. 

Collecting t-terms, we can simplify the coefficients using the relation 5.1, which 
holds for any z,w € fg. After additional simplification, the equation yields the following 


solution: 


Pos w* +22 +wp+22p— 22 w* —wp(2")? —2wz2*—2zpw* z* 
~ w* —2*-+wp—zp—we 2* +22w* +wp(z" )2*—zp(w* )?—-Qwew*+2w22*—lwow*z*+2zpwz" * 


Since this ex- 


pression represents one of the possible values ¢ can take, lett = Rin L=t(z—w)+z. We 
iTTRy= (wz) (w* +22z* +wp+2zp—z2w* —wo(z”)?—2w22* —2Qzpw"2z” 
ge ( ) ao 2*—2wzw*+2w22* —2ouww* z* + pw 2" )*+ pw w* —p2(w*)4+2ezw"* z*—pz+u* —2* * 


If the product of z and w, denoted by zo w, falls outside of the disk, we can 
identify any point on this curve with the reciprocal of the complex number that represents 


it, because fy is invariant under the involution f,(z) = 4. Then, 
a\2 


—ww* —2w2" +220" +22" —w? p42 ptw2 (2 p(w")? —w22w" +w2zz* 


29WU = 


—(wt—2z* 
. ad . . 
Note that zoO = Ooz=2 since z2* = at on fy. However, it is not clear 


from this formula how to compute zoz. We will address this in Section 5.3. 


5.3 Parametrization in Terms of d 


At this point, we would like to develop another result from the locus of the 
a-family that will help us to represent zo w as a locus of circumcenters on fy. Recall 
the result 4.17 which provided a relation between the length s of the equal sides of an 
isosceles triangle and angle @ between the the equal sides. This relation is 


a _ 6 h 
cos ~ = sin = coshs 
2 2 , 


where a is a fixed oriented angle between the perpendicular bisectors of the triangle 


defining the a-family. Now we can describe the locus of circumcenters of the a-family 


Figure 5.1: Product Structure of f, 
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of triangles in terms of a parameter d, which is the diameter of the circumcircle centered 


at.z, an element of the locus of circumcenters. 


cos” ; = sin? ; cosh? s 
cos? . = sin’ : (1 + sin? 5 sinh” a) 
cos” 5 = sin’? 4 + sin? = sin? > (cosh? d — 1) 
cos” 5 = sin? : (a — sin? =) + sin? ; sin? 5 cosh? d 
cos” ries sin” ; cos? 5 + sin? ; sin? 3 cosh? d 
cos” 5 (1 — sin? 3) = sin’ 5 sin? 5 cosh? d 

cos? $cos*$ sin” $ sin? $ cosh? d 

sin? £cos?2 sin” § cos? 4 
cot? . = tan 5 cosh? d. (5.3) 


When q = tan §, 5.3 yields cot g = qcoshd. Then, 


cot? S41 = 1+4¢4? cosh’? d 


csc” 5 = 144’ cosh?d 
é 1 
s- = ——— (5.4) 


2 V1+ @ cosh? d 
and 


cots + i= qooshd +4 


If z is the complex form of the center of the circumcircle, it has a form 
z=a4+i r ana eee 
= = = 751 = |. 
H 2 9 
The length of the radius r (the distance from the origin to z) can be expressed in terms 


of das tanh ¥. It follows that, 


d sinhd cosh? d—1 
tanh ey 
2 coshd+1 cosh d +1 


d)= v cosh? d — 1 (qcoshd + i) 
(cosh d + 1) 4/1 + g@? cosh? d 


and 
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5 ‘ : : ‘ cosh? d-1 
In order to simplify the notation a little bit, let H (d) = cm PRR EEE Then, 


z(d) = H (d) (qcoshd + 1%) = H (d) qcoshd + iH (d) 


is the one-parameter representation of a complex point z € f,, the center of a circumcircle, 
in terms of the diameter of the circle. 
Let d, denote the diameter of a circle centered at: z and dy denote the diameter 


of a circle centered at w. Then, 


z (dy) = H (d,) qcosh d, +i (d,) 


and 


w (dg) = H (da) qcosh dg + iH (do). 


Ifz=x2+ty and w = u-+ iv are any complex numbers representing points of f,, then we 


can write these number in terms of d; and dg using the following relations: 


a = H(d,)qcoshdy, (5.5) 
y = H(u), (5.6) 
u = MH (dg) qcoshda, (5.7) 
v = H (dz). (5.8) 


Recall the product rule we obtained earlier: 


—ww* — wz" +22" +22" —w2 +27 ptw? o(2*)? 22 ow")? —wz?w*+w2z2* 


—(w* —2*)(w—z}(w—z-+pw* —pz* 


bers z,w € fg. Letting z=z+iy,w=u+tiv, and p= re changes the product rule 


zow= for any complex num- 


into a very lengthy result of the form X +7Y, where X and Y are expressions in terms of 
£,y,u,v, and q. These, in their turn, can be replaced by 5.5-5.8. Now we calculate the 
ratio of x. In this expression, we utilize 5.3, and for g = tan $ we have cot g = qcoshd. 
Simplification yields 

cosh (di o dg) = 

9(- Car Ca2+ C3, +03,-+9°C3, C2, ~4 Car Can PCR Hy / PCF, HV Ca ~1 VCH VCa=1VCati-1) 


Can Cag —P- C2, — POI, +g? OF, OR + °C un Gan POR, FL POR HV Oan Oar FV Cag VC tt 
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where Cai = cosh d1, Cag = coshdy. Notation (d; 0 d2) expresses the fact that the result 


has two parameters d, and dg, as our expression is dependent only on d; and de. 


Now, in the locus construction, s denotes the length of the two equal sides of 
isosceles triangle. Relation 4.16 will become very useful now. It states that sinhs = 
sin §sinhd, where 8 = §. Then, 


q’cosh*d+1 = tan? Pcosh?d+1 
> (1+ sinh? d) sin? B ee cos? 6 
~ cos? 8 1 cos? 8 
cosh? s 
~ Gos? Bo 


Therefore 


9 9 a cosh s 
sf q? cosh*d+1 ee (5.9) 


We also will use the following hyperbolic trigonometric property: 


+/ (cosh dy — 1) (cosh dy + 1)4/(cosh dp — 1) (cosh dg + 1) = sinh d; sinh dg. (5.10) 


Let Csi = cosh 81, C39 = cosh 59, Sq, = sinh d,, Sg2 = sinhd2, $,, = sinhs,, and S.. = 


sinh sg. Then 5.9 and 5.10 yield 
C. 
[202 4.1 a 28 
gog+1 one 


VV Ca — 1/ Can + 1 Cas — 1 Cae +: 1 = Sa Sao. 


Using these relations, we can eliminate the square roots from cosh (d, 0 dg). In addition, 


and 


we can substitute g by tanf: 

(tan B) (—CayCag+ C3, +0%,—Cas Can tan? B+C2, C2, tan? p— Sater nar. 
cosh (dj 0 da) = 2 tan? B—C2. tan? 2 B402. C2, tan? p— cales2 : 
Cai Ca2—C4, tan® B—C4, tan® 8+Cy41 Cue tan 8+07, C4, tan camer are 


“—1 


Repeated use of the relation sinh s = sin 8 sinhd in this expression, simplifies it 


even further to 


(Ss1) (—Cay Cag + $3, + 93, — Cai CsaSa1 Sa2 + Sa1Sa2S51Se2 + 1) 


Sa — Sit (S31 532 + Car Ca — Cs1Cs2Se1 Suz — 1) 


cosh (dy 0 dg) = 
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It can be shown that this relation is equivalent to the following expression (Sar08}: 


Car Caz + Sai Sa2CsiCso 


cosh (Goda) = ees 1) (Sasa Dl 


or 
cosh d, cosh dy + sinh dy sinh dz cosh s; cosh sq 


\(sinh s1 sinh dy — 1) (sinh d; sinh s2 + 1)| 


This is our product formula in terms of the diameters of the circumcircles at the 


cosh (d1 0 dp) = (5.11) 


points z and won the curve. Note that, as a — 0, the formula reduces to 


cosh (d1 0 dg) = cosh d; cosh dy + sinh d) sinh dz = cosh (dy + do). 
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Chapter 6 


Birational Equivalence of Elliptic 


Curves 


It is well known that any elliptic curve (degree does not have to be three) can 
be transformed into an irreducible cubic using a birational transformation. We say 
that these curves are birationally equivalent As it was stated before, the classes of the 
irreducible cubics depend on the value of the cross-ratio of each class. Using birational 


equivalence, we can attribute this cross-ratio any elliptic curve. 


Theorem 6.1. The locus of circumcenters of an a-family of isosceles triangles in any 
inversive model of the hyperbolic plane is the real points of an elliptic curve whose cross- 
ratio is {e"**]. Conversely, the real points of any elliptic curve whose cross-ratio is on 


unit circle can be produced by such a locus. 


Proof. Without loss of generality, we may use the Poincaré disk model of the hyperbolic 
plane, because any other model can be obtained from an inversive transformation that 
afford an equivalent measure of distance. If we transform the a-family with vertex at the 
origin and axis the real line to any other vertex and axis, then the new family of triangles 
will still be an a-family, and the new locus of circumcenters will remain an elliptic curve 
birationally equivalent to the original one because linear fractional transformations induce 
birational transformations. In particular, its cross-ratio will still be e”*. By 3.1, we 
know that f, has the cross-ratio on the unit circle. On the other hand, at the end of 
Section 4.4 we demonstrated that a locus of circumcenters of a-family in the hyperbolic 


plane is the curve f, when g = tan §. 0 
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Therefore, ‘the argument above insures that the product rule 5.11 obtained by 
working with specially designed cubic f, is valid for any locus of circumcenters in the 
hyperbolic plane. 

Let f%(0, Lg) be the locus of circumcenters for the constant angle a, with vertex 
at 0 and axis Ly, the rotation of the real line by ¢. Then f%(0,Z) is a cubic curve for 
any ¢, and f~°(0, Lg) is its reflection in Ly. Since any transformation is a hyperbolic 
translation T,,(Z) = oes followed by a rotation about 0, we look. at the effect of Tj, on 
f° (0, Lo). Let L = Tm(Lo). If m = a+ib we find that f%(m, L) is described by the equa- 
tion f_g(a,b) (x? + y?)? + 9m(x,y) =0, where gm is cubic. It follows that Tin (f%(0, £0)) 
is cubic precisely when m is on f~*(0, £9), which generalizes to the following conclusion 
(Sar08}. 


Theorem 6.2. The curve Tin (f%(0,L4)) is cubie if and only if m is on f—%(0, Lg). 


Corollary 6.3. [fm #4 0 there is a unique axis L for which f*(m, L) is a cubic. If M is 
the line through 0 and m, and w is the angle of parallelism for the distance s = s(0,m), 
then L = RE(M), the hyperbolic rotation of M about m, where tan ¢ = cot $ sin. 


For example, consider a transformation T(z) = ee for z =a2-+iy. Note 


that T'(0) = m, which means that J’ maps vertex O to some point m € D,m = a+ ib. 

How will the locus of circumcenters look after this transformation? The original locus 

had the equation fy (x, y) = 2° + gy® + qu*y + zy” —x+Qy. Without loss of generality, 

let g=1. Then, fi(z,y) =29 +y%+22y+a2y?-—a2+y. We can find T(f,) by applying 

T~' to the variables z,y and substituting into fy. 

TG) = ean = (Seitatcantan® ) + (Canescectnar 
Using these new values of + and y in the curve fi, we get the following new 

equation in the polar form: 

f (7,8) = 

—r4 (a+ b— a3 +b? — ab? + ab) +r? (cos 6) (6ab — 2b? — a4 + b* + 2ab? + 2a%d + 1) 

+r? (sin @) (2ab + 66? — a4 + bt — 2ab? — 20d + 1) 

—2r? (2b (a? + b? + 1) + @ (3b? — a? + 1) sin 26 + b (3a? — b? — 1) cos 26) 

—r (sin 0) (6b? — 2ab — a4 + bt + 2ab? + 203d + 1) 

--r (cos @) (b+ — 26? ~ a — Gab — 2ab* — 2a%b + 1) 

+ (a—b-—a? —b3 — ab? - 078). 
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Figure 6.1: f; form = 4 


Such quartics are called bicircular because its fourth degree term is of the form 
(a? + y?)”. Such curves have genus 0 or 1 because they have two ordinary singularities 
at infinity [MM99]. 

Since m = a+2b is the vertex of the curve, we can experiment with it and move 
it from O (originally used as our vertex in this project) to another point in the units disk. 
We can find the equation of f; for this particular choice of m. 

Let m = 4. This choice of the vertex shifts this point from the origin to the 


point (4,0) on the real axis. The equation resulting is 
dy — Sa — Bay + 5a? — Qa4 + 5y3 — 2y4 + Bay? + 5a?y — Ag*y* +2 =0. 


Figure 6.1 shows the resulting locus of circumcenters. 


Consider another example when the vertex O is moved away from the real axis. 


This time, let m = § +5. The resulting equation after this transformation is 
5x + Qy — 12ny — 10a” + 9x3 — 14y* — det + 11y? — 4y* + Say? + 1le?y — 80?y? —2=0, 


and Figure 6.2 presents the resulting curve in this case. 


Figure 6.2: f; for m= 5 a id 
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